A high-order iterative scheme is established in order to get a convergent sequence at a rate of order N N ≥ 1 to a local unique weak solution of a nonlinear Kirchhoff wave equation in the unit membrane. This extends a recent result in EJDE, 2005, No. 138 where a recurrent sequence converges at a rate of order 2.
Introduction
In this paper we consider the initial and boundary value problem 0 < r < 1, 0 < t < T, with u m satisfying 1.1 [2] [3] . The first term u 0 is chosen as u 0 ≡ 0. If B ∈ C 1 R and f ∈ C N 0, 1 × R × R , we prove that the sequence {u m } converges at a rate of order N to a unique weak solution of the problem 1.1 . This result is a relative generalization of 2, 3, 8, 9, 14, 16 . Identifying V 0 with its dual V 0 we obtain the dense and continuous embedding
Preliminary Results, Notations, Function Spaces
The inner product notation will be reutilized to denote the duality pairing between V 1 and V 1 .
We then have the following lemmas, the proofs of which can be found in 1 .
Lemma 2.1. There exist two constants 
The proof of Lemma 2.4 is straightforward and we omit it.
Lemma 2.5. There exists an orthonormal Hilbert basis {w j } of the space V 0 consisting of eigenfunctions w j corresponding to eigenvalues λ j such that
ii a w j , v λ j w j , v for all v ∈ V 1 and j ∈ N. and that V 2 can be defined also as V 2 {v ∈ V 1 : Av ∈ V 0 }. We then have the following two lemmas the proof of which can be found in 1 .
2.6
For a Banach space X, we denote by · X its norm, by X its dual space, and by 
The Hight Order Iterative Schemes
Fix T * > 0, we make the following assumptions:
H 3 f ∈ C N Ω × 0, T * × R and satisfies the following condition : for all M > 0,
where
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With B and f satisfying assumptions H 2 and H 3 , respectively, for each M > 0 given, we introduce the following constants:
3.3
For each T ∈ 0, T * and M > 0 we get
3.4
We will choose as first initial term u 0 ≡ 0, suppose that
and associate with the problem 1.1 the following variational problem.
Then, we have the following theorem.
Proof. The proof consists of several steps.
Step 1. The Faedo-Galerkin approximation introduced by Lions 19 . Consider as in Lemma 2.5 the basis {w j } for V 1 and put
where the coefficients c k mj satisfy the system of the following nonlinear differential equations:
3.11
Let us suppose that u m−1 satisfies 3.5 . Then we have the following lemma.
Lemma 3.2. Let assumptions
Proof of Lemma 3.2. The system of 3.8 -3.11 is rewritten in the form
3.12
and it is equivalent to the system of integral equations 
3.15
For every T k m ∈ 0, T and ρ > 0 that will be chosen later, we put
Clearly S is a closed nonempty subset in X, and we have the operator
In what follows, we will choose ρ > 0 and T k m > 0 such that i S is mapped into itself by F, ii F : S → S is contractive.
Proof (i). First we note that, for all
On the other hand, by
we have
By Lemma 2.1, iii , and the assumption H 3 , we deduce from 3.16 that
3.20
It follows that
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Thus
where q T sup 0≤t≤T |q t | 1 and
3.23
Hence, we obtain
3.26
Then
which means that F maps S into itself.
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Proof (ii). We now prove that, for all c, d ∈ S, for all t ∈ 0, T k m , 
3.32
In order to consider J 2 , we also note that
where ξ θ ∇u s
and B ξ satisfy the following inequality:
It implies that
and then
3.37
13
It remains to estimate J 3 . By
we obtain
3.39
On the other hand,
3.40
Hence, we deduce from 3.39 , 3.40 that
3.41
We deduce that
3.42
We note that
3.43
It follows from 3.28 that
By 3.25 , it follows that F : S → S is contractive. We deduce that F has a unique fixed point in S; that is, the system 3.8 -3.11 has a unique solution u Step 2. A priori estimates. Put 
3.47
We will now require the following lemma. 
3.49

Proof of Lemma 3.3. Proof (i), (ii). Note that
S k m t ≥ X k m t ≥ b * a u k m t , u k m t ≥ b * ∇u k m t 2 0 , S k m t ≥ Y k m t ≥ a u k m t ,u k m t ≥ ∇u k m t 2 0 .
3.50
We deduce that 
3.51
Proof (iii). We have 
3.52
By 3.18 3 , we have
On the other hand, it follows from 3.49 and
3.54
It follows from 3.52 -3.54 that 
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We shall estimate step by step the terms on the right-hand side of 3.57 as follows. 
3.58
We will estimate step by step the terms a 1 , a 2 , a 3 as follows.
(iv.1.1) Estimating a 1 0 . We have
3.59
Hence
It follows from 3.58 , 3.60 , 3.62 , 3.64 that
3.65
. By the assumption H 3 , we deduce that
20
. We have
3.67
Now we need an estimation of the term
3.68
It follows from 3.68 that
3.72
It follows from 3.69 -3.72 that
22 International Journal of Differential Equations
It follows from 3.67 -3.73 that
3.74
We deduce from 3.57 , 3.65 , 3.66 , 3.74 that 
3.81
From the convergences in 3.10 , we can deduce the existence of a constant M ≥ 2 independent of k and m such that
Combining 3.47 , 3.77 -3.82 , we then have
3.84
3.94
We can easily check from 3.9 , 3.10 , 3.94 that u m satisfies 3.6 , 3.7 in L 2 0, T , weak. On the other hand, it follows from 3. The following result gives a convergence at a rate of order N of {u m } to a weak solution of 1.1 .
First, we note that
Banach space with respect to the norm see 19 :
Then, we have the following theorem. 
